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Question 1. [10 marks] 
(a) Define the meaning of d| a. Show that if alb and dlc then alc. 


(b) Show that if p is a prime and a is an integer, then either (p,a) = 1, or p| a. 


Question 2. [10 marks] 


(a) Use the Euclidean algorithm to find the greatest common divisor of 50 and 110, and write 


it in the form 50x + 110y where xz and y are integers. 


(b) Determine, for each of the following linear Diophantine equations, whether there are solu- 


tions and find all the solutions when they exist. 
(i) 50a + 110y = 20: 
(ii) 50a + 110y = 12. 
Question 3. [10 marks] 
(a) Show that the sum of any three consecutive integers is divisible by 3. 


(b) Solve the linear congruences i) 32 = 1 (mod 4), ii) 22 = 2 (mod 4). 


Question 4. [10 marks] 


Solve the system of linear congruences 


x = 2 (mod 3) 
x = 1 (mod 5) 
x = 2 (mod 4) 


Question 5. [10 marks] 


(a) Define é(n) (the Euler ¢ function) and use the definition to prove that 


d(p™) = p™ — p™~' for any prime p and positive integer m. 
(b) Find #(64) 
Question 6. [10 marks] 
(a) Define ord,,a and then show that ord,,a|x if a® = 1(mod m) 


(b) Show that if (a,m) = 1 and ord,a = qr, then ord,a? = r. 
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Question 7. [10 marks] 


7 
(a) Define the Legendre symbol (=| , where p is prime. Evaluate (5). 
Pp 
(b) Define the Jacobi symbol (*), where n is an odd integer with prime factorization n = 
n 


i) 
pips ---pim. Evaluate (=). 
Question 8. [10 marks] 


(a) Define the notion of a “primitive root” modulo m. 


Show that 2 is a primitive root mod 11. 


(b) Show that 6|(n? — n) for any positive integer n. 


Question 9. [10 marks] 
(a) Find all primitive Pythagorean triples x, y, z with z < 13. 


(b) Show that if p is prime and z, y,z are integers such that oP} 4 yP-} = zP-! then playz. 
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